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Abstract
Let I be an m-primary ideal in a Cohen{Macaulay local ring (A;m) of d=dim A 1. The
ideal I is said to have minimal multiplicity if A(I)= eI (A) + d − ‘A(A=I). There are given
criteria for the Cohen{Macaulayness and Gorensteinness in Rees algebras R(I) and graded rings
G(I) associated to m-primary ideals I of minimal multiplicity. The Cohen{Macaulayness in
R(I) is explored in connection with that of Proj R(I) and the negativity of invariants ai(R(I)).
A counterexample to a conjecture of Korb and Nakamura will be given. c© 2000 Elsevier Science
B.V. All rights reserved.
MSC: Primary 13A30; secondary 13H10
1. Introduction
In this paper, I survey the theory developed in [6] for the Cohen{Macaulayness
in Rees algebras and graded rings associated to a certain class of ideals in Cohen{
Macaulay local rings. Researches in [6] originated from the analysis of the Buchs-
baumness in Rees algebras and graded rings associated to the class of ideals. But in
this paper let me focus my attention mainly on the Cohen{Macaulay property.
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Let A be a Cohen{Macaulay local ring with the maximal ideal m and d=dim A 1.
Assume that the eld A=m is innite. Let t be an indeterminate over A. For an ideal
I( 6=A) in A we dene
R(I)=A[It]A[t];
R0(I)=A[It; t−1]A[t; t−1];
G(I)=R0(I)=t−1R0(I)
which we call the Rees algebra, the extended Rees algebra, and the associated graded
ring of I respectively. As is well-known, the canonical morphism Proj R(I)!SpecA,
that is the blowing-up of A with the center I plays a very important role in the
analysis of singularities. In this paper we shall also explore the Cohen{Macaulayness
of Proj R(I), but our interest lies mostly in the analysis of the structure of algebras R(I).
Let I be an m-primary ideal in A and let Q be a minimal reduction of I . Hence
Q is generated by d elements and QI with I n+1 =QIn [15]. Let eI (A) denote the
multiplicity of A with respect to I . Then we have the inequality
A(I) eI (A) + d− ‘A(A=I)
(here for a given A-module E; A(E) and ‘A(E) denote the number of elements in a
minimal system of generators for E and the length of E, respectively), in which the
equality is attained if and only if mI =mQ, or equivalently mIQ [2]. We say that
the ideal I has minimal multiplicity if the equality A(I)= eI (A) + d− ‘A(A=I) holds.
Therefore a Cohen{Macaulay local ring A possesses maximal embedding dimension in
the sense of Sally [16] if and only if the maximal ideal m of A has minimal multiplicity.
In this paper rstly we shall explore the Cohen{Macaulay and Gorenstein properties
of graded algebras R(I) and G(I) associated to m-primary ideals I of minimal multi-
plicity, which we will perform in Section 2. Here let us summarize the results on the
Cohen{Macaulayness in R(I) into the following.
Theorem 2.7. Suppose d=dim A 2 and let I be an m-primary ideal in A possessing
minimal multiplicity. Let Q be a minimal reduction of I . Then the following four
conditions are equivalent.
(1) R(I) is a Cohen{Macaulay ring:
(2) G(I) is a Cohen{Macaulay ring:
(3) The ber cone S(I) =A=m⊗AR(I) is a Cohen{Macaulay ring possessing maximal
embedding dimension.
(4) I 2 =QI:
When this is the case; for all integers n 0 we have the equalities
A(I n)=

d+ n− 1
d− 1

+ m

d+ n− 2
d− 1

;
‘A(A=In+1)= ‘

d+ n
d

+ m

d+ n− 1
d

;
where ‘= ‘A(A=I) and m= ‘A(I=Q)=A(I)− d.
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In Section 3, we will give some basic examples of m-primary ideals of minimal
multiplicity. As suggested by Korb and Nakamura in [14], at least in the case where
dim A is small, the negativity of invariants ai(R(I))’s of R(I) has some inuence
on the Cohen{Macaulayness in R(I). Secondly, in Section 4, we shall explore this
phenomenon in our context. So, we now briey recall the denition of a-invariant.
For a moment let R=
L
n2 Z Rn be a Noetherian graded ring and assume that R
contains a unique graded maximal ideal, say M . We denote by HiM () (i2Z) the ith
local cohomology functor of R relative to M . For a given graded R-module E and n2Z,
let [HiM (E)]n denote the homogeneous component of the graded R-module H
i
M (E) with
degree n. Then if Rn=(0) and n< 0 and E a nitely generated graded R-module, we
have [HiM (E)]n=(0) for all n/ 0 and i2Z; so, we dene
ai(E)= supfn2Z j [HiM (E)]n 6=(0)g
and call it the ith a-invariant of E. When dimR E= s, we denote as(E) simply by a(E)
and call it the a-invariant of E (cf. [9, (3.1.4)]).
With the notation introduced above, among others we will prove in Section 4 the
following, in which r(A) := ‘A(ExtdA(A=m; A)) denotes the Cohen{Macaulay type of A.
Corollary 4.8. Let I be an m-primary ideal in A possessing minimal multiplicity.
Suppose that dim A=3 and r(A) 3. Then R(I) is Cohen{Macaulay ring if and only
if Proj R(I) is a Cohen{Macaulay scheme and ai(R(I))< 0 for all i2Z.
In Section 5, we explore an Example (Example 5.1), which shows the hypothesis in
Corollary 4.8 that r(A) 3 is not superuous. It provides the main conjecture of Korb
and Nakamura [14] with a counterexample, where they asked whether the ring R(I)
is Cohen{Macaulay once Proj R(I) is a Cohen{Macaulay scheme and ai(R(I))< 0 for
all i2Z. The example is a by-product of the research in [6].
In what follows, let A denote a Cohen{Macaulay local ring with the maximal ideal
m and d=dim A 1. We assume that the eld A=m is innite. Let Him() (i2Z) stand
for the ith local cohomology functor of A with respect to m. Unless otherwise specied,
for a given Noetherian graded ring R=
L
n2 Z Rn with a unique graded maximal ideal
M and a nitely generated graded R-module E, we shall simply denote dimRM EM and
depthRM EM by dimR E and depthR E, respectively.
2. Cohen{Macaulayness and Gorensteinness in R(I )
Let I be an m-primary ideal in A and let Q=(a1; a2; : : : ; ad) be a minimal reduc-
tion of I . Let R=R(I); R0=R0(I); G=G(I), and S=A=m⊗A=mR. Hence dimR=
dimR0=d + 1 and dimG=dimS=d. Let M denote the unique graded maximal
ideal in R and let fi= ait for 1 id. The purpose of this section is to explore the
Cohen{Macaulayness and Gorensteinness in R and G.
We begin with the following. This is known by Chuai [2] but let me give a brief
proof for completeness.
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Lemma 2.1 (Chuai [2]). The following assertions hold true:
(1) A(I) eI (A) + d− ‘A(A=I).
(2) A(I)= eI (A) + d− ‘A(A=I) if and only if mI =mQ.
Proof. Recall that eI (A)= eQ(A)= ‘A(A=Q) and that mI \ Q=mQ [15]. Let E= I=Q.
Then by the standard exact sequence 0!Q=mQ! I=mI!E=mE! 0 we have A(I)=
d + A(E). Hence A(I) eI (A) + d − ‘A(A=I), because A(E) ‘A(E) and ‘A(E)=
‘A(A=Q)− ‘A(A=I)= eI (A)− ‘A(A=I). The equality A(I)= eI (A) + d− ‘A(A=I) holds if
and only if A(E)= ‘A(E), that is mIQ, or equivalently mI =mQ.
We now assume that our ideal I has minimal multiplicity. Then mI =mQ by Lemma
2.1 and so the equality mI n=mQn holds true for all n2Z, whence mR=mR(Q). Let
C=R=R(Q) (hence Cn=(0) if n 0). Then as mC=(0), we have a commutative
diagram
0 −! R(Q) −! R −! C −! 0??y
??y jj
0 −! P −! S −! C −! 0
(2.1)
with exact rows, in which P=A=m⊗A R(Q) and the vertical maps are canonical
epimorphisms. Recall that P is a polynomial ring in d variables over the eld A=m
and that S is a module-nite extension of P. Then by a theorem of Hochster [10] the
bottom row in (2.1) is split, and so we have
S = P C (2.2)
as graded P-modules. Let N be the unique graded maximal ideal in R(Q). Then
as P is a polynomial ring, by (2.2) we get HiM (S) = HiN (C) for id − 1 and
HdM (S) = HdN (P)HdN (C). On the other hand, since R(Q) is a Cohen{Macaulay ring
of dimR(Q)=d+1, from the top row in (2.1) the isomorphisms HiM (R) = HiN (C) for
id−1 and the exact sequence 0!HdM (R)!HdN (C)!Hd+1N (R(Q)) follow. Because
a(R(Q))= − 1 and a(P)= − d (cf. [7, Part II, (3:3); 9, (3:1:6)]), summarizing these
observations, we have the following.
Proposition 2.2. (1) [HiM (R)]n = [HiN (C)]n = [HiM (S)]n for all id− 1 and n2Z.
(2) ai(R)= ai(C)= ai(S) if id− 1.
(3) a(S)=maxfad(C);−dg.
(4) ad(R) ad(C)maxfad(R);−1g.
Lemma 2.3. (1) Let I 6=Q. Then dimP C=d and minfdepthP C; depthSg 1.
(2) G is a Cohen{Macaulay ring if and only if I 2 =QI . When this is the case;
a(G)= 1− d if I 6=Q and a(G)= − d if I =Q.
(3) depthR=depthG+ 1 if d 2.
Proof. (1) We have C 6=(0) since I 6=Q. As H0M (R)= (0), by Proposition 2.2(1) we
get H0N (C)=H
0
M (S)= (0), whence minfdepthP C, depth Sg 1. The element fd is
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actually C-regular. In fact, let x2 I n with n 1 and assume fd  xtn 2R(Q). Then
adx2 adA \ Qn+1 = adQn whence x2Qn. To see that dimP C=d, it suces to check
dimP Cd. This is clear for d=1. Let d 2 and assume that our assertion is true for
d−1. Let A=A=adA; m=m=ad; I = I=adA, and Q=Q=adA. Then Q is a reduction of I
with mI =mQ. Hence the ideal I has minimal multiplicity, and so, from the hypothesis
on d we see dimP C(I)d − 1, where C(I)=R(I)=R(Q) and P=A=m⊗ AR(Q). As
C(I) is naturally a homomorphic image of C=fdC, we get dimP C=fdCd− 1. Thus
dimP Cd since fd is C-regular.
(2) The if part is due to [19, (3.1)]. Let G be a Cohen{Macaulay ring. Then Q \
I n=QIn−1 for all n2Z by [19, (2.7)], while I 2Q as I 2mI =mQ. Hence I 2 =QI .
The last assertion now follows from the equality a(G)= a(G=(f1; f2; : : : ; fd)G) − d
(cf. [9, (3.1.6)]), because a(G=(f1; f2; : : : ; fd)G)=1 (resp. a(G=(f1; f2; : : : ; fd)G)=0)
if I 6=Q (resp. I =Q).
(3) If G is Cohen{Macaulay, then I 2 =QI by (2) and so the ring R is Cohen{
Macaulay (cf. [8, (3.10)]). The equality depthR=depthG + 1 is due to [12] in the
case where G is not Cohen{Macaulay.
If the ring S is not Cohen{Macaulay, then we have I 6=Q and depthR=depthS=
depthP C as well (cf. Proposition 2.2(1)). As d 2 by parts (1) and (3) of Lemma
2.3 we see depth R=depthG+ 1. Hence
Corollary 2.4. Suppose that S is not a Cohen{Macaulay ring. Then depthR=
depthS=depthP C=depthG+ 1<d.
Let rQ(I)=minfn 0 j I n+1 =QIng and call it the reduction number of I with respect
to Q.
Proposition 2.5. The following four conditions are equivalent:
(1) S is a Cohen{Macaulay ring.
(2) depthRd.
(3) depthGd− 1.
(4) C is P-free.
When this is the case; a(S)= rQ(I)− d.
Proof. (1) , (2) , (4): See Proposition 2.2(1).
(2) , (3): This follows from Lemma 2.3(3).
To check the last equality, note a(S)= a(S=(f1; f2; : : : ; fd)S)−d (cf. [9, (3.1.6)]).
Then as a(S=(f1; f2; : : : ; fd)S)=maxfn 0 j I n * QIn−1 + mI ng, via Nakayama’s
lemma we get a(S=(f1; f2; : : : ; fd)S)= rQ(I). Thus a(S)= rQ(I)− d.
Corollary 2.6. G is a Cohen{Macaulay ring if and only if S is a Cohen{Macaulay
ring and a(S) 1− d.
Proof. See Lemma 2.3(2) and Proposition 2.5.
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When d=1; R is a Cohen{Macaulay ring if and only if I =Q (cf. [8, (3.10)]. As
for the case where d 2, we note the following.
Theorem 2.7. Suppose d 2. Then the following four conditions are equivalent:
(1) R is a Cohen{Macaulay ring.
(2) G is a Cohen{Macaulay ring.
(3) S is a Cohen{Macaulay ring possessing maximal embedding dimension.
(4) I 2 =QI .
When this is the case; for all n 0 we have the equalities
A(I n)=

d+ n− 1
d− 1

+ m

d+ n− 2
d− 1

;
lA(A=In+1)= l

d+ n
d

+ m

d+ n− 1
d

;
where l= lA(A=I) and m= lA(I=Q)=A(I)− d.
Proof. (1) , (2) , (4): This follows from parts (2) and (3) of Lemma 2.3.
(2) , (3): By Proposition 2.5 we may assume S is Cohen{Macaulay. Let M=S+.
Then S has maximal embedding dimension if and only if M2 = (f1; f2; : : : ; fd)M, and
the latter condition is equivalent to saying that a(S=(f1; f2; : : : ; fd)S) 1. So the equiv-
alence (2) , (3) follows from Corollary 2.6, since a(S=(f1; f2; : : : ; fd)S)= a(S)+d.
See [17, Theorem 6] for the last two equalities.
The next result directly follows from [4, (2.1), (3.1) and (3.2)]. Let me give a brief
proof for completeness.
Corollary 2.8. Suppose that A is a Gorenstein ring. Then G is a Cohen{Macaulay
ring. If d 2; R is a Cohen{Macaulay ring too.
Proof. We may assume I 6=Q. Then we have I =Q : m, because QIQ : m and
lA((Q : m)=Q)=1. We will show I 2 =QI . Let a; b2 I and write ab=
Pd
i = 1 aici
with ci 2A. Then for each x2m we get xab2Q2 (since mI 2 =mQ2Q2). ThereforePd
i = 1 ai xci 2Q2 and so xci 2Q for all 1 id. Hence ci 2Q : m= I so that I 2 =QI .
The last assertion follows from Theorem 2.7.
Let us add a few remarks on the Gorenstein property of R and G.
Proposition 2.9. Suppose I 2 =QI . Then the Cohen{Macaulay type r(G) of G is given
by the following formula:
r(G)=
8<
:
r(A=I) + A(I)− d if I 6=m;
A(I)− d if I =m 6=Q;
1 if I =m=Q:
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Proof. Recall r(G)= r(GM) (cf. [1]) where M is the graded maximal ideal in G.
On the other hand, since the sequence f1; f2; : : : ; fd is G-regular (cf. [19, (2.1)]), we
have r(GM)= r(G=(f1; f2; : : : ; fd)G) and the isomorphism G=(f1; f2; : : : ; fd)G=G(I=Q)
as well. Thus r(G)= r(G(I=Q)). Let V denote the socle of G(I=Q)=A=I  I=Q. Then
V =(I : m)=I  I=Q if I 6=m; V = I=Q if I =m 6=Q, and V =A=m if I =m=Q, from
which the formula follows because lA(I=Q)=A(I)− d.
The following two corollaries are particular cases of [3, Corollaries 3.2 and 3.3].
Corollary 2.10. G is a Gorenstein ring if and only if either (1) I =Q and A is a
Gorenstein ring or (2) I =m and A(m)=d+ 1.
Corollary 2.11. R is a Gorenstein ring if and only if either (1) d 2; I =Q; and A
is a Gorenstein ring or (2) d=3; I =m; and A(m)=4.
3. Basic examples
In this section we note some basic examples of m-primary ideals of minimal mul-
tiplicity. Throughout let k denote an innite eld.
A typical example satisfying condition (2) of Corollary 2.11 is as follows.
Example 3.1. Let R= k[[X; Y; Z;W ]] be the formal power series ring and A=R=(XY −
ZW ). Let x; y; z, and w denote, respectively, the reductions of X; Y; Z , and W mod(XY−
ZW ). Then dimA=3 and m2 = (x; y; z−w)m. The maximal ideal m in A has minimal
multiplicity with A(m)=4 and R(m) is a Gorenstein ring.
If every m-primary ideal in A has minimal multiplicity, dimA=1 and A is re-
duced. In fact, assume d 2 and let a1; a2; : : : ; ad be a system of parameters for A. Let
Q=(a41; a
4
2; a3; : : : ; ad) and let Q denote the integral closure of Q. Then a
2
1a
2
2 2Q but
a31a
3
2 =2Q, so that Q does not have minimal multiplicity. Hence d=1. Let N =
p
(0)
and take a nonzerodivisor a2m. Then mNanA for all n 1 as NanA. Therefore
mN =(0) and A is a reduced ring.
We have the following characterization (Proposition 3.2) of one-dimensional Cohen{
Macaulay local rings in which every m-primary ideal has minimal multiplicity. To state
the result let A denote the integral closure of A in its total quotient ring. Let c=A : A
be the conductor. We put v(A)=A(m) and e(A)= em(A).
Proposition 3.2. Suppose d=1 and A is a module-nite extension of A. Then the
following four conditions are equivalent:
(1) Every m-primary ideal in A has minimal multiplicity.
(2) Either c=A or c has minimal multiplicity.
(3) Let I be an integrally closed m-primary ideal in A. Then I = aA for some a2 I .
(4) m=fA for some f2m.
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When this is the case; the following hold true:
(i) v(A)= e(A).
(ii) Let I be an m-primary ideal in A. Then I = I if and only if A(I)= e(A).
(iii) Let I be an integrally closed m-primary ideal in A. Then I
n
= I n for all n 1.
Proof. The ring A is a PIR, as A is reduced (cf., e.g., [11, Proof of (3.6)]). We have
aA= aA \ A for any regular element a of A.
(1) ) (2) and (3) ) (4): This is clear.
(2) ) (4): We may assume c 6=A. Let c= aA with a2 c . Then a is A-regular and
c= aA. Hence mc= am, as the ideal c has minimal multiplicity. Therefore mcA=m
because c= aA, whence m=fA for some f2m.
(4) ) (1), (3), and the last assertions: Let I be an m-primary ideal in A and choose
a minimal reduction Q= aA of I . Then I = aA, because I = aA \ A and aAmA=m.
Hence mI = am so that the ideal I has minimal multiplicity. Thus assertions (1) and
(3) follow. We consider the last assertions. Note v(A)= e(A), since m has minimal
multiplicity. On the other hand we have an isomorphism I = A, because I = aA. Taking
I =m, this shows that all the A-modules m; I , and A are isomorphic to each other.
Hence we get A(I =I)= e(A)−A(I), because A(m)= e(A) and A(I =I)=A(I)−A(I)
(recall that mI =mI). Thus I = I if and only if A(I)= e(A). If I = I , then we get
I n= anA for all n 1 whence I n= I n. This proves Proposition 3.2.
Let us note an example of dimension 2.
Example 3.3. Let A= k[[X 4; X 3Y; X 2Y 2; XY 3; Y 4]] be the subring of the formal power
series ring k[[X; Y ]] over k in two variables X; Y . Let I =(X 4; X 3Y; XY 3; Y 4)A and
Q=(X 4; Y 4)A. Then
(1) m2 = I 2 =mI =mQ. I 2 6=QI but I 3 =QI 2. The ideal I has minimal multiplicity
with Q a minimal reduction.
(2) For this ideal I ,R and G are Buchsbaum rings of I(R)= I(G)=2.
(3) H0M (G)= k and H
1
M (G)=H
1
M (R)= k(−1). HiM (R)= (0) if i 6=1; 3.
(4) depthR=depthS=depthP C= depth G+ 1=1.
Here I() denotes the Buchsbaum invariant.
Proof. It is routine to check assertion (1). Because (X 4t; Y 4t)  X 2Y 2t−1R0 but
X 2Y 2 =2 I , we have depthG=0. Therefore by Proposition 2.5 S is not a Cohen{
Macaulay ring and so by Corollary 2.4 we see that depthR=depthS=depthP C=
depthG+1=1. Hence assertion (4) follows. To check assertions (2) and (3), we note
that mi= I i for all i 6=1. Then because R(m)=R=[R(m)=R]1 =mt=It and mt=It = k,
we get the exact sequence
0!R!R(m)! k(−1)! 0
of graded R-modules. Since R(m) is a Cohen{Macaulay ring of dimension 3 (note
that m2 =mQ), applying the local cohomology functors HiM () (i2Z) to it, we see
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H1M (R)= k(−1) and HiM (R)= (0) if i 6=1; 3. Hence R is a Buchsbaum ring of I(R)=2.
Similarly, since mi= I i for i 6= I , we have an exact sequence
0! k!G!G(m)! k(−1)! 0
of graded R-modules, from which we have H0M (G)= k and H
1
M (G)= k(−1). Hence
the ring G is a quasi-Buchsbaum ring of I(G)=2. To check that G is actually a
Buchsbaum ring, we look at the exact sequences
(a) 0!G!R(m)=IR(m)! k(−1)! 0 and
(b) 0! k!R(m)=IR(m)!G(m)! 0:
Then by (b) we have H1M (R(m)=IR(m))= (0), because G(m) is a Cohen{Macaulay
ring of dimension 2. Therefore from (a) the canonical epimorphism
k(−1)!H1M (G)!H1M (R(m)=IR(m))= (0)
follows. Hence the subjectivity criterion for Buchsbaumness [18, Chapter I, (2:16)] can
be applied and so G is a Buchsbaum ring.
From this example one might guess that ProjR and ProjG are always Cohen{
Macaulay schemes for the m-primary ideals of minimal multiplicity. This is not true
in general. Here let us note one example. Firstly recall that the scheme ProjR (resp.
ProjG) is Cohen{Macaulay if and only if HiM (R) (resp. H
i
M (G)) is a nitely gen-
erated R-module (resp. a nitely generated G-module) for all i 6=d + 1 (resp. i 6=d)
(cf. [5, (2:5), (2:11), and (3:8)]; note
p
I =m). The scheme ProjR is Cohen{Macaulay
if and only if ProjG is also Cohen{Macaulay. And when this is the case, the sequence
b1t; b2t; : : : ; bst (s=depthG) is G-regular for any system b1; b2; : : : ; bd of generators for
Q (cf. [5, (2:5) and (2:11)]).
Example 3.4. Let A= k[[X 2; Y 2; Z2; XY; YZ; ZX ]] in the formal power series ring
k[[X; Y; Z]]. Let I =(X 2; Y 2; Z2; XY; YZ)A and Q=(X 2; Y 2; Z2)A. Then I 3 =QI 2 and
mI =mQ. The ring S is Cohen{Macaulay and depthR=depthG + 1=3. Hence R
is not Cohen{Macaulay. The scheme ProjR is not Cohen{Macaulay, because H2M (G)
is not a nitely generated G-module.
Proof. It is routine to check that I 3 =QI 2 and mIQ. We will show that X 2t; Z2t
form a G-regular sequence. It is enough to see (X 2; Z2)\I n=(X 2; Z2)I n−1 for all n 2
(cf. [19, (2.7)]). Note I 2 = (X 2; Z2)I +Y 2m. Then we have (X 2; Z2)\ I 2 = (X 2; Z2)I +
(X 2; Z2) \ Y 2m, whence (X 2; Z2) \ I 2 = (X 2; Z2)I as (X 2; Z2) \ Y 2mY 2(X 2; Z2). Let
n 3 and assume that our equality holds true for n − 1. Then I n=QIn−1 so that
(X 2; Z2)\ I n=(X 2; Z2)I n−1 + (X 2; Z2)\Y 2I n−1. As (X 2; Z2)\Y 2I n−1 =Y 2[(X 2; Z2)\
I n−1], from the hypothesis on n we see (X 2; Z2) \ Y 2I n−1 =Y 2(X 2; Z2)I n−2. Thus
(X 2; Z2) \ I n=(X 2; Z2)I n−1 so that depthG 2. Hence by (2.7) S is a Cohen{
Macaulay ring. As XY 2Z 2 I 2 but XZ =2 I; Y 2t is a zerodivisor in G. Therefore
depthG=2 and depthR=3 by Lemma 2.3(3). If H2M (G) were a nitely generated
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G-module, every subsystem f; g of homogeneous parameters for G would be a G-regular
sequence, which is impossible because Y 2t is a zerodivisor in G. Since the nite gen-
eration of H2M (G) is equivalent to the Cohen{Macaulayness of ProjG, we have that
ProjG cannot be Cohen{Macaulay. Hence ProjR is not Cohen{Macaulay as well.
We close this section with the following example.
Example 3.5. Let nd 2 be integers and let R= k[X1; X2; : : : ; Xd] be the polynomial
ring in d variables over k. let S=R(n) denote the Veronesean subring of R with order
n. We put M= S+ and A= SM. Let Q=(X n1 ; X
n
2 ; : : : ; X
n
d )A and I =Q + WA, where
W = Sd−1 =Rn(d−1). Then I 2 =QI and mI =mQ. The ring R is Cohen{Macaulay,
d=dim A and A(I)=d+

n− 1
d− 1

:
Proof. The ring S is Cohen{Macaulay with dim S=d and a(S)= −1 (cf. [9, (3:1:1)]).
Hence [S=(X n1 ; X
n
2 ; : : : ; X
n
d )S]d−1 6=(0) but [S=(X n1 ; X n2 ; : : : ; X nd )S]i=(0) for id.
Therefore I 2 =QI and mIQ so that by Theorem 2.7 R is a Cohen{Macaulay ring.
We get
A(I)=d+

n− 1
d− 1

;
because A(I)=d+A(I=Q) and A(I=Q)=dimk [S=(X n1 ; X
n
2 ; : : : ; X
n
d )S]d−1 = dimk [R=(X
n
1 ;
X n2 ; : : : ; X
n
d )R]n(d−1).
4. Cohen{Macaulayness in Proj R(I ) versus the negativity of ai(R(I )) ’s
As explored in [14], at least in the case where dim A is small, the negativity of
ai(R(I))’s has some inuence on the Cohen{Macaulayness in R(I). We shall also
discuss this phenomenon in our context. We maintain the same notation as given in
Section 2. To begin with, we note the following.
Proposition 4.1. Suppose that I n+1 =mI n for some n 0. Then ProjR is a Cohen{
Macaulay scheme.
Proof. By [13, (2.13)] it suces to check that a1; a2; : : : ; ad is a d-sequence on Ip
for all p n+ 2. Let Qi=(a1; a2; : : : ; ai) for 0 id. Firstly we will show that Qi \
Ip=QiIp−1. In fact, as Ip=mIp−1 =mQp−1 and Qi \ Qp−1 =QiQp−2, we see Qi \
IpQiQp−2 \ mQp−1mQi  Qp−2 =QiIp−1 (note that G(Q) is a polynomial ring).
Hence Qi \ Ip=QiIp−1 for 0 id. Let 1 i jd be integers and choose x2 Ip
so that aiajx2Qi−1Ip. Then x2Qi−1 \ Ip=Qi−1Ip−1 whence ajx2Qi−1Ip, and thus
a1; a2; : : : ; ad is a d-sequence on Ip.
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Example 4.2. Let k be an innite eld. Let A= k[[X 5; X 4Y; X 3Y 2; X 2Y 3; XY 4; Y 5]]
in k[[X; Y ]], where k[[X; Y ]] is the formal power series ring in two variables. Let
I =(X 5; X 4Y; XY 4; Y 5)A and Q=(X 5; Y 5)A. Then I 4 =QI 3 and mI =mQ. The ring R
is not Cohen{Macaulay by (2.9) since I 3 6=QI 2, while ProjR is a Cohen{Macaulay
scheme by Proposition 4.1 because I 3 =mI 2. As X 3Y 2 =2 I but (X 10; Y 10)  X 3Y 3I 3,
we have depthG=0. Hence depthR=depthS=1 by Corollary 2.4 and
Proposition 2.5.
Let N be the unique graded maximal ideal in R(Q). Recall that a(R)= − 1 (cf. [7,
Part II, Eq. (3.3)]).
Lemma 4.3. (1) H1M (R) is a nitely generated R-module and m  H1M (R)= (0).
(2) H0N (C)=H
1
N (C)= (0) if a1(R)< 0.
(3) I =Q if d=1 and a1(R)< 0.
Proof. (1) The second assertion follows from the embedding H1M (R)H1N (C) (cf.
(2.2)). To see the rst one we may assume A is complete. Let KR be the graded
canonical module of R. Then (0) :RKR=(0) as dimR=P=d + 1 for all P2AssR
(cf. [20, (1:7)]). Let E=EndRKR and apply the functors HiM () to the exact sequence
0!R!E!E=R! 0. Then H0M (E=R) = H1M (R) as depthR E 2. Thus H1M (R) is a
nitely generated R-module.
(2) and (3): Let f= adt. Then f is a nonzerodivisor on C (cf. Proof of Lemma
2.3(1)). Let C=C=fC. Then by the exact sequence 0!C(−1) f!C!C! 0, we get
the embedding H0N (C)H1N (C)(−1). Hence a0(C) a1(C) + 1. Note a1(C)= a1(R)
(resp. a1(C)maxfa1(R);−1g) if d 2 (resp. d=1) (cf. Proposition 2.2). And we
see a1(C) −1 so that a0(C) 0. Because Cn=(0) for n 0, this forces H0N (C)= (0)
whence H1N (C)= (0). Assertion (3) is clear.
Firstly we note the following result in the case where dim A=2.
Proposition 4.4. Suppose d=2. Then
(1) H1M (S) is a nitely generated S-module.
(2) S is a Cohen{Macaulay ring if a1(R)< 0.
(3) R is a Cohen{Macaulay ring if and only if ai(R)< 0 for all i2Z.
Proof. (1) This follows from Proposition 2.2(1) and Lemma 4.3(1).
(2) See Proposition 2.2(1). Note that by Lemma 4.3(2) HiN (C)= (0) for i 1.
(3) Assume ai(R)< 0 for all i2Z. Then S is Cohen{Macaulay by (2). We have
a(S) −1=1−d, because a(S)=maxfa2(C);−2g and a2(C)maxfa2(R);−1g by
parts (3) and (4) of Proposition 2.2. Hence R is a Cohen{Macaulay ring by Corollary
2.6 and Theorem 2.7.
Proposition 4.5. Suppose d=3. Then S is a Cohen{Macaulay ring and I 3 =QI 2 if
and only if ai(R)< 0 for all i2Z.
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Proof. Assume that S is a Cohen{Macaulay ring and I 3 =QI 2. Then a(S) − 1
by Proposition 2.5 so that a3(R) − 1 by (3) and (4) of Proposition 2.2. Hence
ai(R)< 0 for all i2Z (recall that a(R)= −1 and depthR 3 by Proposition 2.2(1)).
Conversely assume that ai(R)< 0 for all i2Z. Firstly we will show that S is a Cohen{
Macaulay ring. Assume the contrary. Then depthS=2 by Proposition 2.2(1) because
depthPC 2 by Lemma 4.3(2). Hence depthR=2 and depthG=1 by Corollary 2.4.
Let a =R+ and consider the standard exact sequences
(a) 0! a !R!A! 0 and
(b) 0! a (1)!R!G! 0:
Then applying the functors HiM () to (a) and (b), we get an isomorphism H2M (a) =
H2M (R) and the embedding H
1
M (G)H2M (a)(1). Hence a1(G) − 2 because a2(a)=
a2(R)< 0 and a1(R) a2(a) − 1. Choose an element g2G1 so that g is G-regular
(this choice is possible, because depthG> 0 and A=m is innite). Let G=G=gG and
apply HiM () to the exact sequence 0!G(−1)
g!G!G! 0. Then from the embed-
ding H0M (G)H1M (G)(−1) we see a0(G) a1(G) + 1; hence a0(G) − 1. Therefore
H0M (G)= (0) so that depthG 2, which is absurd and thus S is a Cohen{Macaulay
ring. Because a(S)=maxfa3(C);−3g and a3(C)maxfa3(R);−1g by Proposition
2.2, we get a(S) − 1 whence rQ(I) 2 by Proposition 2.5. Thus I 3 =QI 2, which
completes the proof of Proposition 4.5.
Let us note the following sucient condition for the Rees algebras R to be Cohen{
Macaulay rings.
Theorem 4.6. Suppose A(I) r(A) + 1 or r(A=I)d − 1. Assume that ProjR is a
Cohen{Macaulay scheme and S is a Cohen{Macaulay ring. Then I 2 =QI and so R
is a Cohen{Macaulay ring if d 2.
Proof. Let x2 I 2 and write x= Pdi = 1 aixi with xi 2A. Then for the same reason as is
in the proof of Corollary 2.8, we get xi 2Q :m for all 1 id. Let J =Q :m. Then
r(A=I) lA(J=I)= lA(J=Q)− lA(I=Q)= r(A)− A(I) + d, because lA(J=Q)= r(A) and
lA(I=Q)=A(I)−d. Therefore if r(A=I)d−1 or more generally A(I) r(A)+1, we
have lA(J=I)d − 1 so that the elements x1; x2; : : : ; xdmod I cannot be A=m-linearly
independent in J=I . Without loss of generality we may write xd=
Pd−1
i = 1 cixi + y with
ci 2A and y2 I . Then since x=
Pd
i = 1 aixi=
Pd−1
i = 1 (ai + adci)xi + ady, we have x −
ady2 (ai + adci j 1 id − 1) \ I 2. Recall that depth Gd − 1 by Proposition 2.5
since S is a Cohen{Macaulay ring. And we get (ai + adci j 1 id− 1) \ I 2 = (ai +
adci j 1 id − 1)I by [19, 2.7], because Q=(ai + adci j 1 id − 1) + (ad) and
because ProjG is a Cohen{Macaulay scheme with depthGd−1. Hence x−ady2 (ai+
adci j 1 id− 1)IQI so that x2QI . Thus I 2 =QI .
Corollary 4.7. Suppose r(A)d. Then I 2 =QI if ProjR is a Cohen{Macaulay scheme
and S is a Cohen{Macaulay ring.
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Proof. We may assume I 6=Q. Hence A(I)d + 1 and the assertion follows from
Theorem 4.6.
Corollary 4.8. Suppose d=3 and r(A) 3. Then R is a Cohen{Macaulay ring if and
only if ProjR is a Cohen{Macaulay scheme and ai(R)< 0 for all i2Z
Proof. See Theorem 2.7, Proposition 4.5 and Corollary 4.7.
5. A counterexample
Let k be an algebraically closed eld. Let R= k[X; Y; Z; V; A; B; C] be the polynomial
ring in 7 variables over k and let
a =(X; Y; Z)  (X; Y; Z; V ) + (V 2 − (AX + BY + CZ)):
We put S=R=a and let x; y; z; : : : ; c denote respectively the reductions of X; Y; Z; : : : ;
Cmod a . Let M = S+; O= SM , and m=MSM . We put Q=(a; b; c)O and I =Q + vO.
Example 5.1. The following assertions hold true:
(1) (O;m) is a Cohen{Macaulay local ring of dimO=3.
(2) m2 =mI =mQ; I 3 =QI 2 but I 2 6=QI . Hence the rings R(I) and G(I) are not
Cohen{Macaulay.
(3) em(O)=5 and r(O)=4.
(4) depth R(I)=3 and a3(R(I))< 0. Hence ai(R(I))< 0 for all i2Z.
(5) Proj R(I) is a Cohen{Macaulay scheme.
Proof. (1){(3): Let q =(a; b; c)S and J = q+vS. Hence M = J+(x; y; z)S and MJ =Mq .
Let P=(X; Y; Z; V )R. Then P=
p
a so that dimO=dim S=3. Since v2 = ax+ by+ cz
and v3 = 0, we get M 2 = qM and J 3 = qJ 2. Therefore, a; b; c form a homogeneous
system of parameters for S with S=q = k[X; Y; Z; V ]=(X; Y; Z; V )2, whence lS(S=q)=5.
Consequently, to see that S is a Cohen{Macaulay ring, it suces to prove the following
claim.
Claim 5.2. eq (S)=5.
Proof. We have eq (S)= lRP (RP=a RP), because P=
p
a and R=P = k[A; B; C]. Let
~k = k[C; 1=C] and ~R=R[1=C]. Then ~R= ~k[X1; Y1; Z1; V1; A1; B1] where X1 =X=C; Y1 =
Y=C; Z1 =Z=C; : : : ; and B1 =B=C. As a ~R=(X1; Y1; Z1)  (X1; Y1; Z1; V1)+(V 21 − (A1X1 +
B1Y1)− Z1) and as X1; Y1; Z1; V1; A1 and B1 are algebraically independent over ~k, sub-
stituting Z1 with V 21 − (A1X1 + B1Y1), we get the identication
~R=a ~R = ~k[X1; Y1; V1; A1; B1]=(X1; Y1; V1)(X1; Y1; V 21 ):
Let T denote the ring of the right-hand side. Then the ideal P ~R=a ~R corresponds, via
the identication, to the prime ideal p=(X1; Y1; V1)T so that, counting the number
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of surviving monomials in X1; Y1, and V1, we readily get lRP (RP=a RP)= lTp (Tp)=5.
Hence eq (S)=5 and S is a Cohen{Macaulay ring.
Suppose v2 2 qJ and write v2 = av1 + bv2 + c3v3 with vi 2 J . Then since ax + by +
cz= av1+bv2+c3v3 and since a; b; c is an S-regular sequence, we have z−v3 2 (a; b)S.
Consequently Z 2 (A; B; C; V )R + a , which is impossible because the ideal a is gen-
erated by forms of degree 2. Hence v2 =2 qJ so that we have I 2 6=QI . Therefore by
Theorem 2.7 the rings R(I) and G(I) cannot be Cohen{Macaulay. As m2 =Qm, we
get r(O)= r(O=Q)= lO(m=Q)=4. Of course em(O)= eQ(O)=5 by Claim 5.2.
(4) We need the following.
Claim 5.3. aS \ J n= aJ n−1 and (a; b)S \ J n=(a; b)J n−1 for all n2Z.
Proof. We may assume n 2. Firstly we will check the second equality. Since J 2 = qJ+
v2S, we have (a; b)S \ J 2 = (a; b)J+(a; b)S \ (cJ+v2S). Let ’2 (a; b)S \ (cJ+v2S) and
write ’= ci+v2 with i2 J and 2 S. Then because v2 = ax+by+cz and ’2 (a; b)S,
we see c(i + z)2 (a; b)S so that i + z2 (a; b)SJ . Hence z2 J . As z =2 J , this
forces 2M = J +(x; y; z)S. Let = j+(x+y+ z) with j2 J and ; ; 2 S. Then
’= a(xj)+b(yj)+c(i+zj) because v2=(ax+by+cz)j. Consequently i+zj2 (a; b)S
as ’2 (a; b)S, whence ’2 (a; b)J . Thus (a; b)S \ (cJ + v2S)(a; b)J so that we have
(a; b)S \ J 2 = (a; b)J . Now let n 3 and suppose that (a; b)S \ J n−1 = (a; b)J n−2.
Then because J n= qJ n−1, we see
(a; b)S \ J n = (a; b)J n−1 + (a; b)S \ cJ n−1
= (a; b)J n−1 + c[(a; b)S \ J n−1]
= (a; b)J n−1 + c  (a; b)J n−2 (by the hypothesis on n)
= (a; b)J n−1:
This proves the second equality. The rst one easily follows, by induction on n, from
the second.
By Claim 5.3 and [19, (2.7)] we get depth G(I)=2, since by (2) G(I) is not
Cohen{Macaulay. Therefore depth R(I)=3 by Lemma 2.3(3). On the other hand,
by Proposition 2.5 is a Cohen{Macaulay ring of a(S(I))= rQ(I) − 3= − 1. Hence
a3(R(I))< 0 by Proposition 2.2(3) and (4) so that ai(R(I))< 0 for all i2Z.
(5) By [13, (2.13)] this follows from Claim 5.3 (recall that the eld k =O=m is
algebraically closed).
Remark 5.4. Example 5.1 shows the assumption in Corollaries 4.7 and 4.8 that r(A)d
is not superuous. It provides with a counterexample the main conjecture explored by
[15]. By [6, (9.5)] we get H3M (R)= k(1). Hence the Rees algebras R(I
n) and the multi
Rees algebras R(I ; n) of n copies of the ideal I are Cohen{Macaulay rings for all in-
tegers n 2. We have a3(R)= a4(R)= − 1. The ring O is a Cohen{Macaulay local
ring of maximal embedding dimension, while Op does not have maximal embedding
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dimension since p2Op 6=(0) (here p denotes the unique minimal prime ideal in O).
By this example we see that local rings of a Cohen{Macaulay local ring possessing
maximal embedding dimension do not always have maximal embedding dimension.
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